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Change oj variables in double m*egrals

Spse Tis C'-hansforma’nbn »whose  Jacobian is non-zero , and that maps the region 5
in the uv-plane onlo R in the xa-plane .

Spse | is confinuous on R and R and § are Type T or fype I regions .

Spse Tis 1-1 , except Perhaps on the boundary of S.

B!ng) AUdV

Then, “f""a’d" =H“X("’V)’3(u'm 2 (u)
U

R S

Ex Use the ’cransforma’fion X=U and Y=V fo compute “ Xy dA , where R is the
')
R
reﬂ\on in the {ITS"' quao\ran’c bounded bj lines = and y=3x and the hﬂperbolas
Xy = i and x§ 3
Ans g =x s the image ofv =Uu
3-39( 15 the Image oj vi=3u

ijerl)olas XY -1 and xy=3 are images oj ne u=1 and u=3.

olxy) A Y
oluv) fo 1 v

3 3
nmerefore “ J J u(‘_ o\v du . uln(m—lnm)du . Juln'ﬁ—du =4In{3
R 1qu ! 4 1 =dn3.
v
I—
% W :2=uu
X xy =3 /
'xﬂ=i /
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Spee T is a hnear Jrransforma’rion that maps a reﬂion Sin uvw-space onto a region R in the
XYz -space bﬂ means oj the equah'on X= 9(U,v,u)) X 3 =hluvw) and z = Klu,v,w).
Then under similar conditions (as the double m}egral wse )

[” f(x,g,z)dV - J” f(x(u,v.w),jlu,v,w),z(u,v,w))

S

a(x)ﬂxz) dUdVdW

dlu,v,w)

Ex lets derive the triple mieara\ formu\a jor spherical ~ coordinare
Soln = ang cos® 1k \?Sm¢smﬁ , 2 =3cos¢
Then, Axy,z) _ | Snp 0s® -Ssnpsin®  Seosg wsO

oAH0P)  |sngsnd  Painfcos®  Scospsind
05 0 - fsing

-$sing sin®  Peosg cos @
$sing 06 §cosp sin 0

= wsf

+ (—Ysm¢) sing cos® - J’sm¢ sinO

s\n;é snd ¥ 5in¢ c0s 0

= c0575 [— §'sing cosg sin’0 - §sing cosp COSQGJ - faing [\? singcos’® + Psin’g sm29]
- -fsnd cos’p -S’Jsm;b sn'g = -8sing

Then, as 0¢g<¢m , sing 20 ,meam'nﬂ

axy,2) | = |-Fangl =Fing
3(\?.9,(5)

S fma\lﬂ we have

“[ f(x,lj,z)dV - JH f(?sin¢cos@,fsnn¢5|n9, S’cos¢)\?nsm¢ d?d@d;‘ |

R S
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Ex  Evaluale ﬂ sin |9x*+ 432) dA where R is he reﬂl'on in the first quadrant bounded
R

by the elipse %'+ 4y’ 1.,

Ans Now we want o maKe the oPPropriaie chanﬁe of variables
lt u=3 and v= Jj

Then ‘h’+451 = g4yt

|
Xelu, yobv = ) B 0|
3 a owy) o % 6

and R is the majcoj the qmr}erdisc 3|ven\3j wvi<d u20,v20.

I
S a R
T .,
AxluN) = %u
luv)= Lu
3 a .5.

Then, H sin l%’+3’) dA . J] Lsn (u2+v*)du dv
R
But now we can solve the miesral over S usinﬁ polar coordinates [1.e maKe another subshution)
Wa 4 N, 4 '
”6|_sm (w2+v?) dudv . J [ _GLsm(r’) rdr do é“J do J ren(c)dr - l[-Lcos(r’)] - 1 (1-c0sd)
(4]

d
A " 5o i a4
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Chag}er 6  Veclor Calculus

6.1 Veclor felds

A vector ﬁela\ on two (or three) dimensional space 5 Q jundion F that 05505 Yo each Poin% (x, ﬂ) ( or
(x,g,z)) a two dimensional (or three dim'l) veclor F(X)“j) (or ?(x‘ﬂ»i)).

¢ One waj bo Pidure a veclor jfe\o\ 5 to draw the arow represen\inﬂ the veclor l?(x,g) sfar’rinﬂ
a H’ne POInt (X)\lj) .

\k/

Pl BN
Py
F(x,ﬂ)
Vechor feld on R Veclor jne\d on IR,

* A standard notation jor vector flela\s Fs

’?(X,lj\ = P(X»ﬂn + Q(X.ﬂ)j‘\ sometimes called

F ) lar {ield
Since F(xy) 5 a two dim'| vecor , we can wrife it in ferms of components Pand Q. seaer f' elds

. F(x.g‘z\ = P('x.tj,z)? * Q(x,ﬂ.z)ﬁ + R(x.ﬂ,Z)ﬁ
RmK F is cofinuous i} ond on\j if Its comPonen{s P,Q and R are continuous .
Ex 1 Skelch the vechor jl'eld on K defmed E’ F(X»ﬁ) = M_

Ans  Sine F(1,0) =3 , we draw the veclor 'j=<0,1> slarh'nj al the point  (1,0).
F(0,1) =T | we draw the veclor © =<1,0) s’farh'nﬂ at the point (0,1).
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(y) | Floy) [ (xy)

(alculale  Flxy) for a view other points -

_F’('x)g)

%

v

—

O‘ (v} Pom* (X)S)i\.

r1

T RT
~\

(1,0) [<0,4> [ (2:0) |<0,4)
(0,4) [<1,0) | (0,) | <1,0D
W [KF@| )l s

To find the rest note that || F(xpﬂ) I=1.

Ex 2 |maﬂa‘ne 0 fluid j\owinj s&eao\ilﬂ olonﬂ a Pipe and let V(x.ﬂ,z) be the veloci’r‘uJ veclor

Then V assiﬂns fo each Point (xy2) in a domain E , a veclor n R,

« The speed at any point 5 gren b'j
the Ienﬁ‘rh of the arrow.

E&

Example 3 Newlons law of Grawation states that the maﬂnﬂude of the 3ravifaﬁonal jo:ce between
two objecls aj mass m, and m, is

|F| - Gmm mm, . where ris the distance betn the obJeclts and § is arawh’nona\ constant
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et the obJe& w/ mass m be located ol orijl'n n R,
ond the posthon veclor of the obJec’c w| mass m, be ?=<x.3»2>.

2
Then, r=IX1.s0 r*=Ix|",

The amvi’lah'onal jorce exerfed on this second ob]ed acls fowards the onﬂu’n and the unit veclor in this

direction 15 -X

X1

Thus, the 3mvh‘ahonal jorce achnj on the objecl of point X =< X2 I8

F%). —6mm,_ % | — Guwlaional Field.

]
x[?

Example 4 Suppose an electric charje Q is loasted at the origin.
Couambs low @ The elechric force F(%) exerted l?j this charje 9 located ot a pont (x,ﬂ,z) is

FIx) - £9Q X k If 9 and Q are the same sijn the Jorce is repulsive )
opposite ” aftractive

o Elechric Feld : Force per umt charﬂe.

DiHerenHab\e junch’ong

Tom If the partial derivatives [ 'fj exist near (a,b) and are continuous at (a,b) |
then { is differentiable at (0,b) . [C* > differentible ]

Lecture 5 Page 6



v

Sunday, May 15, 2016 8:25 PM

Direchional Derivalives and (:!mdlbn{ Vector

If 2 =ﬂx.5) , then the partial derivatives jx and {j

.x(o,o) = ll (o h, o)‘("o,a) b (o.o)= II (o,o h)‘(Xo.o)
fu ey hfof“ th o) 3 Jylroy hgoixwhf y

“"f] represeni the rales oj chanae of Z in the x- and y- directions ,that is, in the directions of the

untt veclors T and j\ .

Q. Want fo find the rate oj chanﬂe oj 2 ab (x4) in the direction oj an arbiharﬂ untt veclor
U = <0)b> .

* (onsider the surface S w equah'on = f(x,g) and 2, - j(xo.ao) [ the poml P(xo,go,zo) lies on §) .

» onsider a vertical plane thot passes ’rhrouﬂh P in the direction of W intersects the surface § alom]
aare C. ( (omare w| inferpretation oj partial derivatives ).

Then slope oj the ianﬂen{ line T o C at the point P is the rale oj chanje oj z in the direch'onof u.

DEFN  The drectional derivative oj j at (%o) in the direction oj a umt vector U =<a,b> i

Dyf (xo40) - l|‘|'m0 f(xo‘fha,go’fhhb) = f(x04o)  provided the limit exists

REL Dtj' ={x and Di]t =jﬂ

To compute directional derivative , we use the
}ollowinj theorem :

I f § is a differentiable function of  and y ,then | has a directional derivative in the direction
of any unit_vector W'=<a,b> and
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Dufloy) = falxgda + fylay) b
= <jx(X.5) ,jj('X)H) > . <0,b>
= falxg)  fybog) >0

(]
Gradient oj §

DEF fffisa funch‘on oj }wo variables x and Y then the 3rad|'eni of f (graa\ §.9)
is the veclor func’n’on dejlned bﬂ

VE0y) = Cfalny), fyboy) > - _aj. e 3 ]
0%

A

Q

Ex Find the directional derivative of fooy) = 1+ AHE at the point (3,4) in the direction of
veclor V =¢<4,-3> .

m Vi’(x’ﬂ) = < arg 'l_.>
{
Vf(SA) = <4»3/1 >

V is not a unit veclor, but a unil veclor n the direction of Vv is

V-Y - REEP g
VI \|42+( 3)*

Then,
Dof(3.4) = V§(3,4). 0 = (B3 (43y -8

For a funcﬁon of three variable ,

Do flxys2) = Vf .U where

Uf < Cofufed - HTe b 5o 2R

aX 63 oz
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Th  Suppose | is o differentiable funchon of or 3 variables. The moximum valve of the
direchional derivahve  Duf(X) is |Vf(%)] and it occurs when T hos the same dirn as
the gradient vector Vf(X).

Rk V§ is a vector field on R’ (R*) and is called o radient veclor feld.

Ex Find the qradient veclor jield Vi of j (x,ﬂ,z) = X2+H24 z?

Y =< X, _U , _Z >
W-&ﬂ’d’ \]71';52*22 a2+ yre2?
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14.5  The Chain Rule

i y =§(x) and x = 3“\, fandﬁ dlﬂerenhbble junch'ons, then aﬂ;{ - 4 %’t‘_ .

For o function of more than 1 -variable, there are a few versions, dependinﬂ on the ’rjpe o&

composﬂions .
Chain Rules :

e 4 Spe 2= flxy) is a di fferentiable funcﬁon of x and Y, Where x =9(’c),5=hlt) are
both differentiable ~ funchions of t.

Then 2z is a differenh'able funch'on of 1 ond

e o é{.% or dz .2 dx, 2 .d
% d

gt ox M d¢ & dt 9y d

(ose 3 Spee that 2z - :[(x,ﬁ) 5 a dferenhable {unchon of x and j ywhere x = 3(9,{)
and y= his,t) . Then 2 15 a diﬁerenjriable _func’n'on of s and t,and

9% -

L 9x 4 02, . Q2 ._ 902 .9x , 2.0
% +a 3—3) + a#

oz =
ox 38 _‘j 35 ot dIx ot a3

(se 3 Spse that u is o differentiable junc’n’on of n variables x,,..., %n and in turn each N 5 a
a differentioble funchion of the m vanables 4...,lm.

Then uis a d(ﬁeren’n'ab\e fundion of tpstm and

Ou . QU 9% , Qu. 9% ,..,u.% for eachi=42,..,m.
o, ax &, 9%, ot X, O
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Ex Use Chain rule 1o jn‘no\ 'gf where 2 =arcsm(x-9) , X=6 Y 42+t
z
/x\/\/3 %.2.m, 2.
. ts\t % M 35 %Y 3s
gz— = i . i = d ) —ai: I --i = :i__-—
" t-lxy? |- (x-y)* N I-(x-y7 |- (x-y)*
i . ds, -t
35 d3
Then,
oz - _14 s + -1 ot

% {I-(xy7 h-(x-g)’
- ¥ o _t 0 _ __3-t
V-t@east) A1-(22ast) A 1-(2ri2est)

Ex L Rixy.z) - x’+5’+ 22 whee X=uvtvw, 3=v’, z -w® . Find R
ow

R OR - 9R 9x . IR oR . dz
e w X aw+a3 gg*a ow

x 3 Z
I\ AN\ 71\

UuvwuvvVv wyv w

ax.v + 33.0 + dz .dw
Awvrvwlv+4ot w = Juvde 3w + 4ud

Higher Order Derivatives

*fora funcﬁon of two variables §, s partial dervatives |x 'fﬂ are also functions
oj Iwo variables , 50 we can consider their Parjﬂ'a\ derivatives , ({x)x, ..., and are called

the second partial denvatives .

If z =j('x.3) ,({x\x ={xx =J|| =
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B flxy) = X2+3Xj +y% . (ompule its second derivatives .

fx = dx +33 +53 ) fﬂ = dx+ 3313(

{xx = 1 ) }35 = 637(

by =243 5 o= Ay
Note that jxa = J«fx In example.

Not a wincidence. { True ](or most JunchoﬂS one works with )

Clairaul’s Thm

f s defmed on a ball coniaim'nﬂ the point (a,b).
If funchons {xj and fljx are both continuous on D then {xj(a,b) - fga(a,b),

Maximum and minimum values

A junchonof bwo variables has a local moximum [minimum | ot (a,b)

if §oy) ¢ fla,b) [f(X.}j) ?f(a.b)] for all points (xy) in some disc centered at (a,b).
* fla,b) s called a local maximum [mim’mum] value .

RmK 1 the above inequalities hold for all (%y) in the domamn Do]t f (not qust for a disc )

then f has an absolute maximum [minimum | ot (a,b).

* A point (a,b) is called a crifical point oj f |f fxlab) =0 and fﬂ (a,b) =0
or one of these partial deri vatives doesn't exist .
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Tm { has a local max or min at (a,b) , then (0,b) is
a crihical Pom}of ;[ .

Sirmilar to smgle variable funch’on converse 15 not frue (i) =x®al x=0)

Ex Find the crifical pom*s of f(x,g) = ﬂ’-xz,

S fu=-3x 8 fy - 9y
So the onlj erihial Pom} is (0,0) .

For points on the x-axis, y=0, j(x.ﬁ) =-2<0, (f x40)

For |>omis on fhe yroxs, x=0, j(x.3)= 3’ >0. (f y+ 0)

S fou can j{nd a pont vear (0,0) where  taKes smaller and Iaﬂer value
T\\erejore ,(0,0) is not a local max or a local min.

However §(0,0) s maximum i the dir” of the x-axis and min in the dlrno][ the y-axs.

It Ypu looK at the amph near (0,0) yu will see

1\
Looks iKe a saddle
and 15 called the

/ soddle port of §

~

We want an algebra\'c way of de{erml‘ninﬂ whether or not a junch‘on has an extreme value at

a cnhical pon‘nf .
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Cecond Dervahve Test :

Spse that the second Par’rial derivatives are continuous on a disc w| center (a,b) , and
suppose jx(a,b)=0 and h(a,b)=0.

fxx jxj
e fuy
a) If D>0 and Jxx(a,b) >0 , then j(a,b) i5 a local min
b) |f >0 and jxx(a,b)<0 , then f(a‘b) i5s a local max
O If D<O , then fla,b) is not a local max or min (saddle point ) and qraph of f

b D= Dlasb) - Jrlap)fyyla,b) - [frylap)]”.

crosses the }anﬂenf Plane at (a,b).

RmK D=0 means fest is inconclusive .
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